ABSTRACT. In this article, a class of the fourth-order difference equations is considered and a comparison result on the oscillatory behavior of solutions is stated.
Introduction
In this paper, we consider a class of fourth-order nonlinear difference equations of the form
where {d n } is a positive real sequence defined for n ∈ N 0 = {n 0 , n 0 + 1, . . . }, n 0 is a positive integer and Δ is the forward difference operator defined by Δx n = x n+1 − x n .
A positive real sequence g(n) : N 0 → N 0 satisfies lim n→∞ g(n) = ∞. A function f : R → R is continuous and satisfies uf (u) > 0 for all u = 0. By a solution of the equation (1) we mean a real sequence {x n } satisfying the equation (1) for n ∈ N 0 . A nontrivial solution {x n } of (1) is said to be nonoscillatory if it is either eventually positive or eventually negative for large n, and it is oscillatory otherwise. The equation (1) is said to be oscillatory if all its solutions are oscillatory.
Certain types of the equation (1) have been widely investigated in the literature for a particular sequence g(n) and for a special type of a function f. The most frequent types of the sequence g(n) are
where k ∈ R is a constant and g(n) = n + τ, where a constant τ ∈ Z is called a deviating argument. The most frequent type of the function f is f (u) = |u| λ sgn u.
Thus, the prototype of (1) is the following equation
The equation (1), where f (x g(n) ) = |x n+τ | λ sgn x n+τ , is a special type of the following equation
The oscillatory and asymptotic properties of solutions of the equation (3) have been investigated by A g a r w a l and M a n o j l o v ić in [4] and by T h a n d ap a n i and S e l v a r a j in [9] , [10] (see also the references therein).
Equations of the more general form
where α, β, γ, λ are the ratios of odd positive integers, τ ∈ Z and {a n }, {b n }, {c n }, {d n } are positive real sequences defined for n ∈ N 0 , have been investigated by the author in [5] , [6] . In [5] , a new oscillation theorem for the sublinear case is stated. The approach there is based on considering the equation (4) as a four-dimensional difference system. In [6] , new oscillation theorems for the super-linear and for the half-linear case are presented. The equation (1) is a special case of a nonlinear fourth-order equation with a deviating argument investigated in the recent papers by A g a r w a l, G r a c e , W o n g and M a n o j l o v ić [2] , [3] . In [2] , necessary and sufficient conditions for the oscillation of all bounded solutions (the so called B-oscillation) have been given. In [3] , some of the behavioural properties of solutions are presented and sufficient conditions for the oscillation have been established. In both articles they used the analysis of nonoscillatory solutions and a comparison with certain first and second order difference equations whose oscillatory behavior are known.
A Sturm type comparison theorems have been studied for different types of difference equations. For example, in [8] , [11] , comparison theorems for first order linear equations are obtained. They gave results comparing a nonlinear equation to a linear equation. In [7] , they obtained a comparison result for higher order nonlinear difference equations. We present that theorem in the following chapter.
Determining oscillation and nonoscillation criteria for difference equations have received a great deal of attention in the last few years. This interest is motivated by the importance of difference equations in the numerical solutions of differential equations. Compared to the first and second order difference equations, the study of higher order difference equations has received considerably less attention. The aim of this paper is to study oscillatory properties of solutions of the equation (1) . We show that the equation (1) has the same properties as the equation (2). Using our comparison theorem we extend our results from [5] .
Preliminaries
In this section, we state and prove some basic results. Without any loss of generality, we restrict our attention to the set of positive solutions, because if {x n } satisfies (1), then so does {−x n }.
We start with possible types of nonoscillatory solutions. Depending on the signs of the quasi-differences of x we divide nonoscillatory solutions into following groups.
The following lemma with the proof has been presented for the equation (4) In the proof of our theorem we will use the following theorem which is known as the comparison theorem for higher order nonlinear difference equations proved by G r a e f, M i c i a n o-C a r iñ o and Q i a n in [7] , see also A g a r w a l [1, Chapter 6].
ous with uf (u) > 0 and uF (u) > 0 for u = 0, f (u) is increasing in u, and F (u) sgn u ≥ f (u) sgn u for all u. If equation
is oscillatory, then equation
is oscillatory, too.
Main oscillation results
Prototypes of oscillatory solutions of (1) are solutions of the form
Such solutions are called quickly oscillatory. It was proved in [5] that the equation (1), where f (x g(n) ) = x λ n+τ and τ is even, has no quickly oscillatory solutions. Therefore, that equation is often considered with τ odd. The same result holds for the equation (1), where g(n) = n + τ and τ ∈ Z as the next theorem shows. The proof is similar as in [5, Theorem 1].
Ì ÓÖ Ñ 1º The equation
with τ even has no quickly oscillatory solutions.
n p n be a quickly oscillatory solution of (1). Then
From here and from the equation (5) we have
Thus from the left side of (6) we get
n and from the right side of (6) we obtain
which gives a contradiction for τ even.
We continue with the oscillation criterion which extends [5, Proposition 1].
and
then the equation (1) is oscillatory.
P r o o f. Let x be a solution of (1) . In view of Lemma 1 we can assume without loss of generality that x n > 0, Δx n > 0 and Δ 3 x n > 0. Hence there exist k > 0 and n 0 > 1 such that x g(n) ≥ k for n ≥ n 0 . In view of the fact that f is continuous and (7) holds, there exists K > 0 such that f (x g(n) ) ≥ K for n ≥ n 0 . By summation of the equation (1) we have
where c is a constant. Assuming (8) and passing n → ∞ we find that (9) leads to a contradiction with the positiveness of Δ 3 x n .
Hence, if (7) holds and (1) has a nonoscillatory solution, then
The following theorem presents a comparison theorem for oscillation of (1). We generalize Theorem A for more general form of g(n).
Ì ÓÖ Ñ 3º Let g(n) ≥ n and there exists
If the equation (2) is oscillatory, then the equation (1) is oscillatory, too.
P r o o f. Assume that the equation (2) is oscillatory. By a contradiction, let x be a nonoscillatory solution of (1). Without loss of generality, let x n > 0 for n ≥ n 0 . Thus, z = x is a nonoscillatory solution of the equation
where λ > 0. By Lemma 1 x is increasing and so x g(n) ≥ x n . From (11) we get (2) is oscillatory, then by Theorem A the equation (12) is oscillatory, too. Therefore, z cannot be a nonoscillatory solution of (12) and we get the contradiction.
We show how we can apply Theorem 3 in the following example. Example 1. Consider the equation
where μ ∈ R is a positive constant and g(n) ≥ n.
For the investigation the oscillatory properties of (13) we can use our comparison theorem and compare the equation (13) with the following equation
By Theorem 2 the difference equation (14) is oscillatory. Furthermore, we have λ = 1, d n = μ and f (u) = u(u 2 + 1). Function f satisfies all assumptions of Theorem 3. Hence by Theorem 3, the equation (13) is oscillatory, too.
Due to Theorem 3 we may use the oscillatory criteria from [5] , [6] and extend them to the equation (1) with g(n) = n + τ , where τ ≥ 0.
Assume the equation
If we apply Theorem 5 from [5] to the equation (15), we obtain the following corollary.
ÓÖÓÐÐ ÖÝ 1º Assume λ < 1 and (10). If the following conditions hold:
and either
then ( 
The next example shows the application of Theorem 3 and Corollary 1.
Example 2. Consider the equation
where μ ∈ R is a positive constant and f is an odd function which satisfies 
